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In this paper we present sufficient conditions for a regular solvability of boundary
value problems for a class of operator-differential equations of fourth order, considered on
the semi-axis. These conditions are expressed only by operator coefficients of the investigated
equation. Along with this the exact values of the norms of intermediate derivatives are found
with respect to the norm of the operator generated by the principal part of the equation in
defined subspaces of Sobolev type. We note that they are closely connected with the solvability
conditions and the principal part of the investigated equation has multiple characteristics.
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Consider the operator-differential equation of the form

(:;A) (Lo auty iA L0 p0), 1er <foss), ()

with one of the boundary conditions

u(0)=0 (2)
or
du(0)
=0 3
= 3)
or
d’u(0)
=0 4
o 4)
or
d*u(0)
=0, 5
PR (5)

66



where A is a self-adjoint positive definite operator, 4, A4,,A, are linear

operators in a separable Hilbert space H, f (t) and u(t) are H —valued

functions and derivatives are understood in the sense of the theory of
distributions.

We introduce the following functional Hilbert spaces (see [1, 2]):

LR H)- {f(t): 8 = Tl O < +oo},
WRH)= { Ol = (Hd “OF ey de<+@0},
W24(R+;H;{s}):{u(z‘):u(t)eW;‘(R H)d“(o) 0},

where § is a fixed integer, which takes only one of the following values:

s=0;s=1;5s=2; s=3.

H

Definition 1. If the function u(t ) of the space W' (R+;H ) satisfies
the equation (1) almost everywhere in R, , then it will be called a regular
solution of equation (1).

Definition 2. [f for any f (t) el, (R+;H ) there exists a regular solution
of the equation (1), which satisfies the boundary condition (2) in the following
sense

lim| 4%u(¢)] =0,

t—0

and has the inequality

< constH f

J

w5 (R H ) L,(R,;H)’

then we will say that the problem (1), (2) regularly solvable.

Similarly, we define a regular solvability of boundary-value problems
(1), 3); (1), (4) and (1), (5) with only the difference that the boundary

conditions (3), (4) and (5) hold in the sense lim A%dz—(t) =0,
t—0 t -

lim|| 47> == d u() =0 and lim| 4% =~ d u() =0, respectively.

1—0 df y -0 dt Y
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In this paper, we present sufficient conditions for a regular solvability
of boundary-value problems (1), (2); (1), (3); (1), (4) and (1), (5). These
conditions are expressed in operator coefficients of equation (1). We note that
in the paper also the indicated exact values of the norms of operators

d’ )
A7 =—WHR,;H;{s}) > L,(R,;H), j=123,

l-]

relative to norms of an operator PO(S) acting from the space W' (R+;H ; {S })

into the space L, (R+ s H ) as follows:

3

PUu(t)= (i _ A) (i R Aju(t), ule)e W2 (R :H:s)).
dt dt

These values of the norms are closely connected with the solvability

conditions.

Questions of solvability of boundary value problems for various classes
of operator-differential equations of the higher order were studied, for
example, in [3-10] (see also references therein). But in all these studies, the
principal part of equations differs from the case, which is considered in our
work. Due to the limited size of the paper, we mainly formulate approvals and
will plan their proofs briefly.

We have the following:

Theorem 1. The operator R)(S) is an isomorphism from the space

w} (R+ s H; {S}) onto the space L, (R+;H).

The proof of this theorem is essentially resort to Fourier transform and
the Banach theorem on the inverse operator.
Theorem 1 implies that the norm HPO(S)HL - is equivalent to the
2\

in the space W4(R+;H ;{S}). And since the

2

original norm Hu W (R.o11)

operators of the intermediate derivatives

4’
4_ . 4 . . . . _
A7 dl‘/ -W2 (R+’H’{S})_)L2(R+’H)ﬂ ]_19293
are continuous [2], then the following numbers are finite:
‘ d'u . .
nV= sup 4TSN B =123
O-uel (R, ;H:{s)) dt’ T Ly(R:H)

(s)

Theorem 2. 11, equal to the following numbers:
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D0 K 0 ah ) 0@ 3V
nl()_n3)_a ’ng)_ng)_ﬂo > 1y _nl( =n; =n- =——
16
w_ @_ L o_ o__ x
nz —1’12 _Z\E’ns _nl _7 ’
where

4 : %o %
azm[zgé +(9+57) +4-34-(9+«/§) }

B, is a solution of the equation  +2° —398—-140=0 in the interval (0,16),

1 1 2 % 10
y:—yé(l——yé), =y (107+9 129) + 48],

4 16 (107+9«/@)A

In finding the numbers nffv), we use the method of [4, 5]. In this case

the factorization subjected to the same as in [9], the polynomial operator
pencils of the eighth-order

P(ApA)=(LVE-A) -pid)’ 47, j=12,3,
1 . iy
depend on the parameter ﬂe[o, a]l), Jj=12,3, where q, =gj’ (4—j)4 !,

j=1,2,3,and E is the identity operator.

We denote by P](S) an operator, acting from the space .’ (R+ s H {S })
into the space L, (R+ s H ) as follows:
i
Pou)=34 < wew i asfs))
=

If we take into account the theorem of intermediate derivatives [2], we
can easily prove the following

Lemma. The operator Pl(s) is bounded from W' (R+;H ;{S}) into
L, (R+;H), using the condition that the operators AJ.A_j, j=123 are

bounded in H .
Using the above results, we can formulate the main result of the regular
solvability of boundary-value problems (1), (2); (1), (3); (1), (4) and (1), (5).
The following theorem holds.

Theorem 3. Let the operators AJ.Aij , J=12,3 be bounded in H
and the following inequality be satisfied
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A A<,

H—H

3
(s)

, J=1,2,3 (s is a fixed integer, which takes only one

(s)
J
of the following values: s=0,; s=1; s=2; §=3) which are defined in
Theorem 2. Then each of the boundary value problems (1), (2); (1), (3); (1),
(4) and (1), (5) is regularly solvable.

where the numbers n

The proof rests on the fact that under the conditions of Theorem 3 for
all functions u(t) eW, (R+ JH, {S }) holds the inequality

. HPO(‘)u +P"u

<o
¢ Hu Wi (R, H L(R,H) — el i w3 (R :H)? ©)

where 7 € [0,1]. Here the positive numbers ¢, and ¢, do not depend on the

function u(t) and on the parameter 7. Using (6) and applying the method of
continuation of a parameter, it is proved that the equation

B u(t)+ P ule)= £(¢)
has a unique solution in the space WV’ (R+ s H {S }) forall f(t)e L,(R;H).

Remark 1. We note that similarly the case is investigated when in the
perturbed part of the equation (1) the operator coefficients are variables, i.e.

A, (t) J =12,3 are linear operators, defined for almost all t € R, .

Remark 2. In this paper the indicated results of solvability allow in
combination with the method of [3] to conduct researches related to the
spectral problems of the operator pencil

3
P(A)=(AE—-A)(AE+ A) - A" 4;.
Jj=1
The author expresses his gratitude to the doctor of sciences A.R.Aliyev
for suggesting the problem and for his recommendations in writing this article.
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BiR SINiF DORDTORTIBLIi OPERATOR-DIiFERENSIAL TONLIKLOR UCUN
SORHOD MOSOLOLORININ REQULYAR HOLL OLUNMASI HAQQINDA

A.S.SMOHAMED
XULASO

Isdo yarimoxda baxilan bir sinif dérdtortibli operator-diferensial tonliklor iigiin sorhod
masalalorinin requlyar hoall olunmasmin kafi sortlori gatirilmisdir. Bu sortlor tadqiq olunan
tonliyin yalniz operator omsallari ilo ifado olunubdur. Homginin Sobolev tipli miioyyaon altfo-
zalarda baxilan tonliyin bas hissosi ilo doguran operatorun normasina nozoron araliq toromao
operatorlarinin normalarinin doqiq qiymatlori tapilmigdir. Qeyd edok ki, bu qiymotlor holl
olunma sortlori ila six olagalidir, Gyronilon tonliyin bas hissasi iso tokrarlanan xarakteristikaya
malikdir.

Acar sozlor: operator-diferensial tonlik, 6z-6ziino qosma operator, Hilbert fozasi,
requlyar hall olunma.

O PET'YJISIPHOM PASPEIIMMOCTHU KPAEBBIX 3AJIAY J1JIS1
OTHOI'O KJIACCA OIIEPATOPHO-TU®®EPEHIHAJIBHBIX
YPABHEHHUU YETBEPTOI'O ITIOPAJKA

A.C.MYXAME]J
PE3IOME

B naHHOW paboTe MPHUBEICHBI JOCTAaTOYHBIC YCIOBUS PETYJISAPHON pPa3perimMOCTH
KpaeBbIX 3aja4 JJIs OJHOTO Kjacca orneparopHo-AuddepeHInaIbHBIX YPABHCHUN YETBEPTOrO
MOpAJIKA, PacCMaTPUBAEMBIX Ha TMOJYOCH. JTH YCJOBHS BBIPa)KEHBI JIMIIL ONEPATOPHBIMU
KO3 QHIIMEHTaMH HCCIeTyeMOro ypaBHeHHs. [Ipu 3TOM HalJEHBI TOYHBIC 3HAYCHUS HOPM
ONEPATOPOB NMPOMEKYTOUYHBIX MPOU3BOJHBIX OTHOCUTEIBHO HOPMBI ONEPATOpa, MOPOKIEH-
HOTO TJIABHOHM YacThIO JaHHOTO YpaBHEHUs, B ONpENETCHHBIX MOANpocTpaHcTBax Tuma Co-
OoneBa. OTMETHM, YTO OHH MMEIOT TECHYIO CBS3b C YCIOBHSAMH Pa3pelIMOCTH, a TJIaBHAs
YacTh U3y4aeMOr0 YPaBHEHHSI UMEET KPaTHYIO XapaKTEPUCTUKY.

KawoueBbie ciioBa: omneparop-auddepeHnaibHoe ypaBHEHHE, CaMOCONPSKEHHBIN
orepaTop, ruiib0EPTOBO MPOCTPAHCTBO, PETYJISIPHAs Pa3pEIIMOCTb.

Hocmynuna 6 peoaxyuro 08.01.2010 2.
Ipunamo k newamu 10.03.2011 e.

71



